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Recap: Logistic Regression
Logistic regression solves this task by learning, from a 
training set, a vector of weights and a bias term. 

We can also write this as a dot product:

5.1 • CLASSIFICATION: THE SIGMOID 3

is “positive sentiment” versus “negative sentiment”, the features represent counts
of words in a document, and P(y = 1|x) is the probability that the document has
positive sentiment, while and P(y = 0|x) is the probability that the document has
negative sentiment.

Logistic regression solves this task by learning, from a training set, a vector of
weights and a bias term. Each weight wi is a real number, and is associated with one
of the input features xi. The weight wi represents how important that input feature is
to the classification decision, and can be positive (meaning the feature is associated
with the class) or negative (meaning the feature is not associated with the class).
Thus we might expect in a sentiment task the word awesome to have a high positive
weight, and abysmal to have a very negative weight. The bias term, also called thebias term
intercept, is another real number that’s added to the weighted inputs.intercept

To make a decision on a test instance— after we’ve learned the weights in
training— the classifier first multiplies each xi by its weight wi, sums up the weighted
features, and adds the bias term b. The resulting single number z expresses the
weighted sum of the evidence for the class.

z =

 nX

i=1

wixi

!
+b (5.2)

In the rest of the book we’ll represent such sums using the dot product notation fromdot product

linear algebra. The dot product of two vectors a and b, written as a ·b is the sum of
the products of the corresponding elements of each vector. Thus the following is an
equivalent formation to Eq. 5.2:

z = w · x+b (5.3)

But note that nothing in Eq. 5.3 forces z to be a legal probability, that is, to lie
between 0 and 1. In fact, since weights are real-valued, the output might even be
negative; z ranges from �• to •.

Figure 5.1 The sigmoid function y= 1
1+e�z takes a real value and maps it to the range [0,1].

Because it is nearly linear around 0 but has a sharp slope toward the ends, it tends to squash
outlier values toward 0 or 1.

To create a probability, we’ll pass z through the sigmoid function, s(z). Thesigmoid

sigmoid function (named because it looks like an s) is also called the logistic func-
tion, and gives logistic regression its name. The sigmoid has the following equation,logistic

function
shown graphically in Fig. 5.1:

y = s(z) =
1

1+ e�z (5.4)
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Recap: Sigmoid function
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Recap: Probabilities 
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The sigmoid has a number of advantages; it take a real-valued number and maps
it into the range [0,1], which is just what we want for a probability. Because it is
nearly linear around 0 but has a sharp slope toward the ends, it tends to squash outlier
values toward 0 or 1. And it’s differentiable, which as we’ll see in Section 5.8 will
be handy for learning.

We’re almost there. If we apply the sigmoid to the sum of the weighted features,
we get a number between 0 and 1. To make it a probability, we just need to make
sure that the two cases, p(y = 1) and p(y = 0), sum to 1. We can do this as follows:

P(y = 1) = s(w · x+b)

=
1

1+ e�(w·x+b)

P(y = 0) = 1�s(w · x+b)

= 1� 1
1+ e�(w·x+b)

=
e�(w·x+b)

1+ e�(w·x+b) (5.5)

Now we have an algorithm that given an instance x computes the probability
P(y = 1|x). How do we make a decision? For a test instance x, we say yes if the
probability P(y = 1|x) is more than .5, and no otherwise. We call .5 the decision
boundary:decision

boundary

ŷ =
⇢

1 if P(y = 1|x)> 0.5
0 otherwise

5.1.1 Example: sentiment classification
Let’s have an example. Suppose we are doing binary sentiment classification on
movie review text, and we would like to know whether to assign the sentiment class
+ or � to a review document doc. We’ll represent each input observation by the
following 6 features x1...x6 of the input; Fig. 5.2 shows the features in a sample mini
test document.

Var Definition Value in Fig. 5.2
x1 count(positive lexicon) 2 doc) 3
x2 count(negative lexicon) 2 doc) 2

x3

⇢
1 if “no” 2 doc
0 otherwise 1

x4 count(1st and 2nd pronouns 2 doc) 3

x5

⇢
1 if “!” 2 doc
0 otherwise 0

x6 log(word count of doc) ln(64) = 4.15

Let’s assume for the moment that we’ve already learned a real-valued weight
for each of these features, and that the 6 weights corresponding to the 6 features
are [2.5,�5.0,�1.2,0.5,2.0,0.7], while b = 0.1. (We’ll discuss in the next section
how the weights are learned.) The weight w1, for example indicates how important



Recap: Loss functions
We need to determine for some observation x how close the 
classifier output ( !𝑦 = σ (w · x + b)) is to the correct output y, 
which is 0 or 1.

𝐿 !𝑦, 𝑦 = how much !𝑦 differs from the true y



Recap: Loss functions
For one observation x, let’s maximize the probability of the 
correct label p(y|x).

𝑝 𝑦 𝑥 = !𝑦((1 − !𝑦)-.(

If y = 1, then p y x = !𝑦. 

If y = 0, then p y x = 1 − !𝑦.  



Recap: Cross-entropy loss
The result is cross-entropy loss:

𝐿23 !𝑦, 𝑦 = −log 𝑝(𝑦|𝑥) = −[𝑦 log !𝑦 + 1 − 𝑦 log(1 − !𝑦)]

Finally, plug in the definition for ;𝒚= σ (w · x) + b 

𝐿23 !𝑦, 𝑦 = −[𝑦 log σ(w·x+b) + 1 − 𝑦 log(1 − σ(w·x+b))]



Recap: Cross-entropy loss
Why does minimizing this negative log probability do what 
we want? 

A perfect classifier would assign probability 1 to the correct 
outcome (y=1 or y=0) and probability 0 to the incorrect 
outcome. 

That means the higher ;𝒚 (the closer it is to 1), the better the 
classifier; the lower ;𝒚 is (the closer it is to 0), the worse the 
classifier. 

The negative log of this probability is a convenient loss 
metric since it goes from 0 (negative log of 1, no loss) to 
infinity (negative log of 0, infinite loss). 



Loss on all training examples

log 𝑝 𝑡𝑟𝑎𝑖𝑛𝑖𝑛𝑔 𝑙𝑎𝑏𝑒𝑙𝑠 = logG
HI-

J

𝑝(𝑦 H |𝑥 H )

=K
HI-

J

log𝑝(𝑦 H |𝑥 H )

= −K
HI-

J

LMN( !𝑦 H |𝑦 H )



Finding good parameters 
We use gradient descent to find good settings for our weights and bias 
by minimizing the loss function. 

Gradient descent is a method that finds a minimum of a function by 
figuring out in which direction (in the space of the parameters θ) the 
function’s slope is rising the most steeply, and moving in the opposite 
direction. 
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Why does minimizing this negative log probability do what we want? A perfect
classifier would assign probability 1 to the correct outcome (y=1 or y=0) and prob-
ability 0 to the incorrect outcome. That means the higher ŷ (the closer it is to 1), the
better the classifier; the lower ŷ is (the closer it is to 0), the worse the classifier. The
negative log of this probability is a convenient loss metric since it goes from 0 (neg-
ative log of 1, no loss) to infinity (negative log of 0, infinite loss). This loss function
also insures that as probability of the correct answer is maximized, the probability
of the incorrect answer is minimized; since the two sum to one, any increase in the
probability of the correct answer is coming at the expense of the incorrect answer.
It’s called the cross-entropy loss, because Eq. 5.9 is also the formula for the cross-
entropy between the true probability distribution y and our estimated distribution
ŷ.

Let’s now extend Eq. 5.10 from one example to the whole training set: we’ll con-
tinue to use the notation that x(i) and y(i) mean the ith training features and training
label, respectively. We make the assumption that the training examples are indepen-
dent:

log p(training labels) = log
mY

i=1

p(y(i)|x(i)) (5.12)

=
mX

i=1

log p(y(i)|x(i)) (5.13)

= �
mX

i=1

LCE(ŷ(i),y(i)) (5.14)

We’ll define the cost function for the whole dataset as the average loss for each
example:

Cost(w,b) =
1
m

mX

i=1

LCE(ŷ(i),y(i))

= � 1
m

mX

i=1

y(i) logs(w · x(i) +b)+(1� y(i)) log
⇣

1�s(w · x(i) +b)
⌘

(5.15)

Now we know what we want to minimize; in the next section, we’ll see how to
find the minimum.

5.4 Gradient Descent

Our goal with gradient descent is to find the optimal weights: minimize the loss
function we’ve defined for the model. In Eq. 5.16 below, we’ll explicitly represent
the fact that the loss function L is parameterized by the weights, which we’ll refer to
in machine learning in general as q (in the case of logistic regression q = w,b):

q̂ = argmin
q

1
m

mX

i=1

LCE(y(i),x(i);q) (5.16)



Finding good parameters 
We use gradient descent to find good settings for our weights and bias 
by minimizing the loss function. 

Gradient descent is a method that finds a minimum of a function by 
figuring out in which direction (in the space of the parameters θ) the 
function’s slope is rising the most steeply, and moving in the opposite 
direction. 

O𝜃 = argmin
V

1
𝑚
K
HI-

J

𝐿23(𝑦 H , 𝑥 H ; 𝜃)



Gradient descent



Global v. Local Minimums 
For logistic regression, this loss function is conveniently 
convex. 

A convex function has just one minimum, so there are no 
local minima to get stuck in.

So gradient descent starting from any point is guaranteed to 
find the minimum. 



Iteratively find minimum

5.4 • GRADIENT DESCENT 9

How shall we find the minimum of this (or any) loss function? Gradient descent
is a method that finds a minimum of a function by figuring out in which direction
(in the space of the parameters q ) the function’s slope is rising the most steeply,
and moving in the opposite direction. The intuition is that if you are hiking in a
canyon and trying to descend most quickly down to the river at the bottom, you might
look around yourself 360 degrees, find the direction where the ground is sloping the
steepest, and walk downhill in that direction.

For logistic regression, this loss function is conveniently convex. A convex func-convex

tion has just one minimum; there are no local minima to get stuck in, so gradient
descent starting from any point is guaranteed to find the minimum.

Although the algorithm (and the concept of gradient) are designed for direction
vectors, let’s first consider a visualization of the the case where the parameter of our
system, is just a single scalar w, shown in Fig. 5.3.

Given a random initialization of w at some value w1, and assuming the loss
function L happened to have the shape in Fig. 5.3, we need the algorithm to tell us
whether at the next iteration, we should move left (making w2 smaller than w1) or
right (making w2 bigger than w1) to reach the minimum.

w

Loss

0
w1 wmin

slope of loss at w1 
is negative

(goal)

one step
of gradient

descent

Figure 5.3 The first step in iteratively finding the minimum of this loss function, by moving
w in the reverse direction from the slope of the function. Since the slope is negative, we need
to move w in a positive direction, to the right. Here superscripts are used for learning steps,
so w1 means the initial value of w (which is 0), w2 at the second step, and so on.

The gradient descent algorithm answers this question by finding the gradientgradient

of the loss function at the current point and moving in the opposite direction. The
gradient of a function of many variables is a vector pointing in the direction the
greatest increase in a function. The gradient is a multi-variable generalization of the
slope, so for a function of one variable like the one in Fig. 5.3, we can informally
think of the gradient as the slope. The dotted line in Fig. 5.3 shows the slope of this
hypothetical loss function at point w = w1. You can see that the slope of this dotted
line is negative. Thus to find the minimum, gradient descent tells us to go in the
opposite direction: moving w in a positive direction.

The magnitude of the amount to move in gradient descent is the value of the slope
d

dw f (x;w) weighted by a learning rate h . A higher (faster) learning rate means thatlearning rate

we should move w more on each step. The change we make in our parameter is the
learning rate times the gradient (or the slope, in our single-variable example):

wt+1 = wt �h d
dw

f (x;w) (5.17)

Now let’s extend the intuition from a function of one scalar variable w to many



How much should we update 
the parameter by?
The magnitude of the amount to move in gradient descent is the value 
of the slope weighted by a learning rate η. 

A higher/faster learning rate means that we should move w more on 
each step.
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Many dimensions
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variables, because we don’t just want to move left or right, we want to know where
in the N-dimensional space (of the N parameters that make up q ) we should move.
The gradient is just such a vector; it expresses the directional components of the
sharpest slope along each of those N dimensions. If we’re just imagining two weight
dimension (say for one weight w and one bias b), the gradient might be a vector with
two orthogonal components, each of which tells us how much the ground slopes in
the w dimension and in the b dimension. Fig. 5.4 shows a visualization:

Cost(w,b)

w
b

Figure 5.4 Visualization of the gradient vector in two dimensions w and b.

In an actual logistic regression, the parameter vector w is much longer than 1 or
2, since the input feature vector x can be quite long, and we need a weight wi for
each xi For each dimension/variable wi in w (plus the bias b), the gradient will have
a component that tells us the slope with respect to that variable. Essentially we’re
asking: “How much would a small change in that variable wi influence the total loss
function L?”

In each dimension wi, we express the slope as a partial derivative ∂
∂wi

of the loss
function. The gradient is then defined as a vector of these partials. We’ll represent ŷ
as f (x;q) to make the dependence on q more obvious:

—q L( f (x;q),y)) =

2

66664

∂
∂w1

L( f (x;q),y)
∂

∂w2
L( f (x;q),y)

...
∂

∂wn
L( f (x;q),y)

3

77775
(5.18)

The final equation for updating q based on the gradient is thus

qt+1 = qt �h—L( f (x;q),y) (5.19)

5.4.1 The Gradient for Logistic Regression
In order to update q , we need a definition for the gradient —L( f (x;q),y). Recall that
for logistic regression, the cross-entropy loss function is:

LCE(w,b) = � [y logs(w · x+b)+(1� y) log(1�s(w · x+b))] (5.20)

It turns out that the derivative of this function for one observation vector x is
Eq. 5.21 (the interested reader can see Section 5.8 for the derivation of this equation):

∂LCE(w,b)
∂w j

= [s(w · x+b)� y]x j (5.21)



Updating each dimension wi
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The final equation for updating q based on the gradient is thus

qt+1 = qt �h—L( f (x;q),y) (5.19)

5.4.1 The Gradient for Logistic Regression
In order to update q , we need a definition for the gradient —L( f (x;q),y). Recall that
for logistic regression, the cross-entropy loss function is:

LCE(w,b) = � [y logs(w · x+b)+(1� y) log(1�s(w · x+b))] (5.20)

It turns out that the derivative of this function for one observation vector x is
Eq. 5.21 (the interested reader can see Section 5.8 for the derivation of this equation):

∂LCE(w,b)
∂w j

= [s(w · x+b)� y]x j (5.21)

10 CHAPTER 5 • LOGISTIC REGRESSION

variables, because we don’t just want to move left or right, we want to know where
in the N-dimensional space (of the N parameters that make up q ) we should move.
The gradient is just such a vector; it expresses the directional components of the
sharpest slope along each of those N dimensions. If we’re just imagining two weight
dimension (say for one weight w and one bias b), the gradient might be a vector with
two orthogonal components, each of which tells us how much the ground slopes in
the w dimension and in the b dimension. Fig. 5.4 shows a visualization:
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b

Figure 5.4 Visualization of the gradient vector in two dimensions w and b.
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The final equation for updating θ based on the 
gradient is



The Gradient 
To update θ, we need a definition for the gradient ∇L( f (x; θ ), y). 

For logistic regression the cross-entropy loss function is: 

The derivative of this function for one observation vector x for a single 
weight wj is 

The gradient is a very intuitive value: the difference between the true y 
and our estimate for x, multiplied by the corresponding input value xj . 

10 CHAPTER 5 • LOGISTIC REGRESSION

variables, because we don’t just want to move left or right, we want to know where
in the N-dimensional space (of the N parameters that make up q ) we should move.
The gradient is just such a vector; it expresses the directional components of the
sharpest slope along each of those N dimensions. If we’re just imagining two weight
dimension (say for one weight w and one bias b), the gradient might be a vector with
two orthogonal components, each of which tells us how much the ground slopes in
the w dimension and in the b dimension. Fig. 5.4 shows a visualization:

Cost(w,b)

w
b

Figure 5.4 Visualization of the gradient vector in two dimensions w and b.

In an actual logistic regression, the parameter vector w is much longer than 1 or
2, since the input feature vector x can be quite long, and we need a weight wi for
each xi For each dimension/variable wi in w (plus the bias b), the gradient will have
a component that tells us the slope with respect to that variable. Essentially we’re
asking: “How much would a small change in that variable wi influence the total loss
function L?”

In each dimension wi, we express the slope as a partial derivative ∂
∂wi

of the loss
function. The gradient is then defined as a vector of these partials. We’ll represent ŷ
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as f (x;q) to make the dependence on q more obvious:

—q L( f (x;q),y)) =

2

66664

∂
∂w1

L( f (x;q),y)
∂

∂w2
L( f (x;q),y)

...
∂

∂wn
L( f (x;q),y)

3

77775
(5.18)

The final equation for updating q based on the gradient is thus

qt+1 = qt �h—L( f (x;q),y) (5.19)

5.4.1 The Gradient for Logistic Regression
In order to update q , we need a definition for the gradient —L( f (x;q),y). Recall that
for logistic regression, the cross-entropy loss function is:

LCE(w,b) = � [y logs(w · x+b)+(1� y) log(1�s(w · x+b))] (5.20)

It turns out that the derivative of this function for one observation vector x is
Eq. 5.21 (the interested reader can see Section 5.8 for the derivation of this equation):

∂LCE(w,b)
∂w j

= [s(w · x+b)� y]x j (5.21)



Average Loss

This is what we want to minimize!!

𝐶𝑜𝑠𝑡 𝑤, 𝑏 =
1
𝑚
K
HI-

J

𝐿23(!𝑦 H , 𝑦(H))

= −
1
𝑚
K
HI-

J

𝑦 H log 𝜎 𝑤 ⋅ 𝑥 H + 𝑏 + 1 − 𝑦 H log(1 − 𝜎 𝑤 ⋅ 𝑥 H + 𝑏 )



The Gradient 
The loss for a batch of data or an entire dataset is just the average loss 
over the m examples 

The gradient for multiple data points is the sum of the individual 
gradients: 

𝐶𝑜𝑠𝑡 𝑤, 𝑏 = −
1
𝑚K

HI-

J

𝑦(H) log 𝜎 𝑤 ⋅ 𝑥 H + 𝑏 + 1 − 𝑦 H log(1 − 𝜎 𝑤 ⋅ 𝑥 H + 𝑏 )

𝜕𝐶𝑜𝑠𝑡 𝑤, 𝑏
𝜕𝑤 =K

HI-

J

[𝜎 𝑤 ⋅ 𝑥 H + 𝑏 − 𝑦(H)]𝑥(H)



Stochastic gradient descent 
algorithm 
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Note in Eq. 5.21 that the gradient with respect to a single weight w j represents a
very intuitive value: the difference between the true y and our estimated ŷ = s(w ·
x+b) for that observation, multiplied by the corresponding input value x j.

The loss for a batch of data or an entire dataset is just the average loss over the
m examples:

Cost(w,b) = � 1
m

mX

i=1

y(i) logs(w · x(i) +b)+(1� y(i)) log
⇣

1�s(w · x(i) +b)
⌘

(5.22)

And the gradient for multiple data points is the sum of the individual gradients::

∂Cost(w,b)
∂w j

=
mX

i=1

h
s(w · x(i) +b)� y(i)

i
x(i)j (5.23)

5.4.2 The Stochastic Gradient Descent Algorithm
Stochastic gradient descent is an online algorithm that minimizes the loss function
by computing its gradient after each training example, and nudging q in the right
direction (the opposite direction of the gradient). Fig. 5.5 shows the algorithm.

function STOCHASTIC GRADIENT DESCENT(L(), f (), x, y) returns q
# where: L is the loss function
# f is a function parameterized by q
# x is the set of training inputs x(1), x(2), ..., x(n)

# y is the set of training outputs (labels) y(1), y(2), ..., y(n)

q 0
repeat T times

For each training tuple (x(i), y(i)) (in random order)
Compute ŷ (i) = f (x(i);q) # What is our estimated output ŷ?
Compute the loss L(ŷ (i),y(i)) # How far off is ŷ(i)) from the true output y(i)?
g —q L( f (x(i);q),y(i)) # How should we move q to maximize loss ?
q q � h g # go the other way instead

return q

Figure 5.5 The stochastic gradient descent algorithm

Stochastic gradient descent is called stochastic because it chooses a single ran-
dom example at a time, moving the weights so as to improve performance on that
single example. That can result in very choppy movements, so it’s also common to
do minibatch gradient descent, which computes the gradient over batches of train-minibatch
ing instances rather than a single instance.

The learning rate h is a parameter that must be adjusted. If it’s too high, the
learner will take steps that are too large, overshooting the minimum of the loss func-
tion. If it’s too low, the learner will take steps that are too small, and take too long to
get to the minimum. It is most common to begin the learning rate at a higher value,
and then slowly decrease it, so that it is a function of the iteration k of training; you
will sometimes see the notation hk to mean the value of the learning rate at iteration
k.



Multinomial logistic regression 
Instead of binary classification, we often want more than two classes.  
For sentiment classification we might extend the class labels to be 
positive, negative, and neutral.

We want to know the probability of y for each class c ∈ C, p(y = c|x). 

To get a proper probability, we will use a generalization of the sigmoid 
function called the softmax function.

softmax 𝑧H =
𝑒fg

∑`I-i 𝑒fg
1 ≤ 𝑖 ≤ 𝑘



Softmax
The softmax function takes in an input vector z = [z1,z2,...,zk] and outputs 
a vector of values normalized  into probabilities.

For example, for this input:  

z = [0.6, 1.1, −1.5, 1.2, 3.2, −1.1] 

Softmax will output:

[0.056, 0.090, 0.007, 0.099, 0.74, 0.010] 

softmax 𝑧 = [
𝑒fl

∑HI-i 𝑒fm
,

𝑒fn

∑HI-i 𝑒fm
,⋯ ,

𝑒fp

∑HI-i 𝑒fm
]



Neural Networks: A brain-
inspired metaphor
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Mathematical Notation
The simplest neural network is called a perceptron. It is simply a linear 
model: 

where W is the weight matrix and b is a bias term. 
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Mathematical Notation
To go beyond linear function, we introduce a non-linear hidden layer.  
The result is called a Multi-Layer Perceptron with one hidden layer.

Here W1 and b1 are a matrix and a bias for the first linear 
transformation of the input x, 

g is a nonlinear function (also an activation function), 

W2 and b2 are the matrix and bias term for a second linear transform. 
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XIFSF W JT UIF XFJHIU NBUSJY BOE b JT B CJBT UFSN�© *O PSEFS UP HP CFZPOE MJOFBS GVODUJPOT
 XF
JOUSPEVDF B OPOMJOFBS IJEEFO MBZFS 	UIF OFUXPSL JO 'JHVSF ��� IBT UXP TVDI MBZFST

 SFTVMUJOH JO
UIF .VMUJ -BZFS 1FSDFQUSPO XJUI POF IJEEFO�MBZFS 	.-1�
� " GFFE�GPSXBSE OFVSBM OFUXPSL XJUI
POF IJEEFO�MBZFS IBT UIF GPSN�

//.-1�.x/ D g.xW 1 C b1/W 2 C b2 	���

x 2 Rdin ; W 1 2 Rdin!d1 ; b1 2 Rd1 ; W 2 2 Rd1!d2 ; b2 2 Rd2 :

)FSF W 1 BOE b1 BSF B NBUSJY BOE B CJBT UFSN GPS UIF mSTU MJOFBS USBOTGPSNBUJPO PG UIF JOQVU

g JT B OPOMJOFBS GVODUJPO UIBU JT BQQMJFE FMFNFOU�XJTF 	BMTP DBMMFE B OPOMJOFBSJUZ PS BO BDUJWBUJPO
GVODUJPO

 BOE W 2 BOE b2 BSF UIF NBUSJY BOE CJBT UFSN GPS B TFDPOE MJOFBS USBOTGPSN�

#SFBLJOH JU EPXO
 xW 1 C b1 JT B MJOFBS USBOTGPSNBUJPO PG UIF JOQVU x GSPN din EJNFOTJPOT
UP d1 EJNFOTJPOT� g JT UIFO BQQMJFE UP FBDI PG UIF d1 EJNFOTJPOT
 BOE UIF NBUSJY W 2 UPHFUIFS
XJUI CJBT WFDUPS b2 BSF UIFO VTFE UP USBOTGPSN UIF SFTVMU JOUP UIF d2 EJNFOTJPOBM PVUQVU WFDUPS�
ɩF OPOMJOFBS BDUJWBUJPO GVODUJPO g IBT B DSVDJBM SPMF JO UIF OFUXPSL�T BCJMJUZ UP SFQSFTFOU DPNQMFY
GVODUJPOT� 8JUIPVU UIF OPOMJOFBSJUZ JO g
 UIF OFVSBM OFUXPSL DBO POMZ SFQSFTFOU MJOFBS USBOTGPS�
NBUJPOT PG UIF JOQVU�ņ 5BLJOH UIF WJFX JO $IBQUFS �
 UIF mSTU MBZFS USBOTGPSNT UIF EBUB JOUP B
HPPE SFQSFTFOUBUJPO
 XIJMF UIF TFDPOE MBZFS BQQMJFT B MJOFBS DMBTTJmFS UP UIBU SFQSFTFOUBUJPO�

8F DBO BEE BEEJUJPOBM MJOFBS�USBOTGPSNBUJPOT BOE OPOMJOFBSJUJFT
 SFTVMUJOH JO BO .-1 XJUI
UXP IJEEFO�MBZFST 	UIF OFUXPSL JO 'JHVSF ��� JT PG UIJT GPSN
�

//.-1�.x/ D .g2.g1.xW 1 C b1/W 2 C b2//W 3: 	���

*U JT QFSIBQT DMFBSFS UP XSJUF EFFQFS OFUXPSLT MJLF UIJT VTJOH JOUFSNFEJBSZ WBSJBCMFT�

//.-1�.x/ Dy

h1 Dg1.xW 1 C b1/

h2 Dg2.h1W 2 C b2/

y Dh2W 3:

	���


©ɩF OFUXPSL JO 'JHVSF ��� EPFT OPU JODMVEF CJBT UFSNT� " CJBT UFSN DBO CF BEEFE UP B MBZFS CZ BEEJOH UP JU BO BEEJUJPOBM OFVSPO
UIBU EPFT OPU IBWF BOZ JODPNJOH DPOOFDUJPOT
 XIPTF WBMVF JT BMXBZT 1�
ņ5P TFF XIZ
 DPOTJEFS UIBU B TFRVFODF PG MJOFBS USBOTGPSNBUJPOT JT TUJMM B MJOFBS USBOTGPSNBUJPO�



Mathematical Notation
We can add additional linear transformations and nonlinearities, 
resulting with a MLP with two hidden layers:

�� �� '&&%�'038"3% /&63"- /&5803,4
UIF JOQVU UP UIF OFUXPSL� ɩF UPQ�NPTU MBZFS IBT OP PVUHPJOH BSSPXT
 BOE JT UIF PVUQVU PG UIF
OFUXPSL� ɩF PUIFS MBZFST BSF DPOTJEFSFE iIJEEFO�w ɩF TJHNPJE TIBQF JOTJEF UIF OFVSPOT JO UIF
NJEEMF MBZFST SFQSFTFOU B OPOMJOFBS GVODUJPO 	J�F�
 UIF MPHJTUJD GVODUJPO 1=.1C e!x/
 UIBU JT BQQMJFE
UP UIF OFVSPO�T WBMVF CFGPSF QBTTJOH JU UP UIF PVUQVU� *O UIF mHVSF
 FBDI OFVSPO JT DPOOFDUFE UP BMM
PG UIF OFVSPOT JO UIF OFYU MBZFS�UIJT JT DBMMFE B GVMMZ DPOOFDUFE MBZFS PS BO BĆOF MBZFS�

Output layer

Hidden layer

Hidden layer

Input layer

y2 y3y1

x1 x2 x3 x4

∫ ∫ ∫∫∫

∫ ∫ ∫ ∫∫∫

'JHVSF ���� 'FFE�GPSXBSE OFVSBM OFUXPSL XJUI UXP IJEEFO MBZFST�

8IJMF UIF CSBJO NFUBQIPS JT TFYZ BOE JOUSJHVJOH
 JU JT BMTP EJTUSBDUJOH BOE DVNCFSTPNF
UP NBOJQVMBUF NBUIFNBUJDBMMZ� 8F UIFSFGPSF TXJUDI CBDL UP VTJOH NPSF DPODJTF NBUIFNBUJDBM
OPUBUJPO� "T XJMM TPPO CFDPNF BQQBSFOU
 B GFFE�GPSXBSE OFUXPSL BT UIF POF JO 'JHVSF ��� JT TJNQMZ
B TUBDL PG MJOFBS NPEFMT TFQBSBUFE CZ OPOMJOFBS GVODUJPOT�

ɩF WBMVFT PG FBDI SPX PG OFVSPOT JO UIF OFUXPSL DBO CF UIPVHIU PG BT B WFDUPS� *O 'JHVSF ���
UIF JOQVU MBZFS JT B 4�EJNFOTJPOBM WFDUPS 	x

 BOE UIF MBZFS BCPWF JU JT B 6�EJNFOTJPOBM WFDUPS 	h1
�
ɩF GVMMZ DPOOFDUFE MBZFS DBO CF UIPVHIU PG BT B MJOFBS USBOTGPSNBUJPO GSPN 4 EJNFOTJPOT UP 6

EJNFOTJPOT� " GVMMZ DPOOFDUFE MBZFS JNQMFNFOUT B WFDUPS�NBUSJY NVMUJQMJDBUJPO
 h D xW XIFSF
UIF XFJHIU PG UIF DPOOFDUJPO GSPN UIF i UI OFVSPO JO UIF JOQVU SPX UP UIF j UI OFVSPO JO UIF PVUQVU
SPX JT W Œi;j !�¤ ɩF WBMVFT PG h BSF UIFO USBOTGPSNFE CZ B OPOMJOFBS GVODUJPO g UIBU JT BQQMJFE UP
FBDI WBMVF CFGPSF CFJOH QBTTFE PO BT JOQVU UP UIF OFYU MBZFS� ɩF XIPMF DPNQVUBUJPO GSPN JOQVU
UP PVUQVU DBO CF XSJUUFO BT� .g.xW 1//W 2 XIFSF W 1 BSF UIF XFJHIUT PG UIF mSTU MBZFS BOE W 2

BSF UIF XFJHIUT PG UIF TFDPOE POF� 5BLJOH UIJT WJFX
 UIF TJOHMF OFVSPO JO 'JHVSF ��� JT FRVJWBMFOU
UP B MPHJTUJD 	MPH�MJOFBS
 CJOBSZ DMBTTJmFS !.xw/ XJUIPVU B CJBT UFSN �
¤5P TFF XIZ UIJT JT UIF DBTF
 EFOPUF UIF XFJHIU PG UIF i UI JOQVU PG UIF j UI OFVSPO JO h BT W Œi;j !� ɩF WBMVF PG hŒj ! JT UIFO
hŒj ! D P4

iD1 xŒi! " W Œi;j !�

���� */ ."5)&."5*$"- /05"5*0/ ��
��� */ ."5)&."5*$"- /05"5*0/
'SPN UIJT QPJOU PO
 XF XJMM BCBOEPO UIF CSBJO NFUBQIPS BOE EFTDSJCF OFUXPSLT FYDMVTJWFMZ JO
UFSNT PG WFDUPS�NBUSJY PQFSBUJPOT�
ɩF TJNQMFTU OFVSBM OFUXPSL JT DBMMFE B QFSDFQUSPO� *U JT TJNQMZ B MJOFBS NPEFM�

//1FSDFQUSPO.x/ D xW C b 	���

x 2 Rdin ; W 2 Rdin!dout ; b 2 Rdout ;

XIFSF W JT UIF XFJHIU NBUSJY BOE b JT B CJBT UFSN�© *O PSEFS UP HP CFZPOE MJOFBS GVODUJPOT
 XF
JOUSPEVDF B OPOMJOFBS IJEEFO MBZFS 	UIF OFUXPSL JO 'JHVSF ��� IBT UXP TVDI MBZFST

 SFTVMUJOH JO
UIF .VMUJ -BZFS 1FSDFQUSPO XJUI POF IJEEFO�MBZFS 	.-1�
� " GFFE�GPSXBSE OFVSBM OFUXPSL XJUI
POF IJEEFO�MBZFS IBT UIF GPSN�

//.-1�.x/ D g.xW 1 C b1/W 2 C b2 	���

x 2 Rdin ; W 1 2 Rdin!d1 ; b1 2 Rd1 ; W 2 2 Rd1!d2 ; b2 2 Rd2 :

)FSF W 1 BOE b1 BSF B NBUSJY BOE B CJBT UFSN GPS UIF mSTU MJOFBS USBOTGPSNBUJPO PG UIF JOQVU

g JT B OPOMJOFBS GVODUJPO UIBU JT BQQMJFE FMFNFOU�XJTF 	BMTP DBMMFE B OPOMJOFBSJUZ PS BO BDUJWBUJPO
GVODUJPO

 BOE W 2 BOE b2 BSF UIF NBUSJY BOE CJBT UFSN GPS B TFDPOE MJOFBS USBOTGPSN�

#SFBLJOH JU EPXO
 xW 1 C b1 JT B MJOFBS USBOTGPSNBUJPO PG UIF JOQVU x GSPN din EJNFOTJPOT
UP d1 EJNFOTJPOT� g JT UIFO BQQMJFE UP FBDI PG UIF d1 EJNFOTJPOT
 BOE UIF NBUSJY W 2 UPHFUIFS
XJUI CJBT WFDUPS b2 BSF UIFO VTFE UP USBOTGPSN UIF SFTVMU JOUP UIF d2 EJNFOTJPOBM PVUQVU WFDUPS�
ɩF OPOMJOFBS BDUJWBUJPO GVODUJPO g IBT B DSVDJBM SPMF JO UIF OFUXPSL�T BCJMJUZ UP SFQSFTFOU DPNQMFY
GVODUJPOT� 8JUIPVU UIF OPOMJOFBSJUZ JO g
 UIF OFVSBM OFUXPSL DBO POMZ SFQSFTFOU MJOFBS USBOTGPS�
NBUJPOT PG UIF JOQVU�ņ 5BLJOH UIF WJFX JO $IBQUFS �
 UIF mSTU MBZFS USBOTGPSNT UIF EBUB JOUP B
HPPE SFQSFTFOUBUJPO
 XIJMF UIF TFDPOE MBZFS BQQMJFT B MJOFBS DMBTTJmFS UP UIBU SFQSFTFOUBUJPO�

8F DBO BEE BEEJUJPOBM MJOFBS�USBOTGPSNBUJPOT BOE OPOMJOFBSJUJFT
 SFTVMUJOH JO BO .-1 XJUI
UXP IJEEFO�MBZFST 	UIF OFUXPSL JO 'JHVSF ��� JT PG UIJT GPSN
�

//.-1�.x/ D .g2.g1.xW 1 C b1/W 2 C b2//W 3: 	���

*U JT QFSIBQT DMFBSFS UP XSJUF EFFQFS OFUXPSLT MJLF UIJT VTJOH JOUFSNFEJBSZ WBSJBCMFT�

//.-1�.x/ Dy

h1 Dg1.xW 1 C b1/

h2 Dg2.h1W 2 C b2/

y Dh2W 3:

	���


©ɩF OFUXPSL JO 'JHVSF ��� EPFT OPU JODMVEF CJBT UFSNT� " CJBT UFSN DBO CF BEEFE UP B MBZFS CZ BEEJOH UP JU BO BEEJUJPOBM OFVSPO
UIBU EPFT OPU IBWF BOZ JODPNJOH DPOOFDUJPOT
 XIPTF WBMVF JT BMXBZT 1�
ņ5P TFF XIZ
 DPOTJEFS UIBU B TFRVFODF PG MJOFBS USBOTGPSNBUJPOT JT TUJMM B MJOFBS USBOTGPSNBUJPO�

���� */ ."5)&."5*$"- /05"5*0/ ��
��� */ ."5)&."5*$"- /05"5*0/
'SPN UIJT QPJOU PO
 XF XJMM BCBOEPO UIF CSBJO NFUBQIPS BOE EFTDSJCF OFUXPSLT FYDMVTJWFMZ JO
UFSNT PG WFDUPS�NBUSJY PQFSBUJPOT�
ɩF TJNQMFTU OFVSBM OFUXPSL JT DBMMFE B QFSDFQUSPO� *U JT TJNQMZ B MJOFBS NPEFM�

//1FSDFQUSPO.x/ D xW C b 	���

x 2 Rdin ; W 2 Rdin!dout ; b 2 Rdout ;

XIFSF W JT UIF XFJHIU NBUSJY BOE b JT B CJBT UFSN�© *O PSEFS UP HP CFZPOE MJOFBS GVODUJPOT
 XF
JOUSPEVDF B OPOMJOFBS IJEEFO MBZFS 	UIF OFUXPSL JO 'JHVSF ��� IBT UXP TVDI MBZFST

 SFTVMUJOH JO
UIF .VMUJ -BZFS 1FSDFQUSPO XJUI POF IJEEFO�MBZFS 	.-1�
� " GFFE�GPSXBSE OFVSBM OFUXPSL XJUI
POF IJEEFO�MBZFS IBT UIF GPSN�

//.-1�.x/ D g.xW 1 C b1/W 2 C b2 	���

x 2 Rdin ; W 1 2 Rdin!d1 ; b1 2 Rd1 ; W 2 2 Rd1!d2 ; b2 2 Rd2 :

)FSF W 1 BOE b1 BSF B NBUSJY BOE B CJBT UFSN GPS UIF mSTU MJOFBS USBOTGPSNBUJPO PG UIF JOQVU

g JT B OPOMJOFBS GVODUJPO UIBU JT BQQMJFE FMFNFOU�XJTF 	BMTP DBMMFE B OPOMJOFBSJUZ PS BO BDUJWBUJPO
GVODUJPO

 BOE W 2 BOE b2 BSF UIF NBUSJY BOE CJBT UFSN GPS B TFDPOE MJOFBS USBOTGPSN�

#SFBLJOH JU EPXO
 xW 1 C b1 JT B MJOFBS USBOTGPSNBUJPO PG UIF JOQVU x GSPN din EJNFOTJPOT
UP d1 EJNFOTJPOT� g JT UIFO BQQMJFE UP FBDI PG UIF d1 EJNFOTJPOT
 BOE UIF NBUSJY W 2 UPHFUIFS
XJUI CJBT WFDUPS b2 BSF UIFO VTFE UP USBOTGPSN UIF SFTVMU JOUP UIF d2 EJNFOTJPOBM PVUQVU WFDUPS�
ɩF OPOMJOFBS BDUJWBUJPO GVODUJPO g IBT B DSVDJBM SPMF JO UIF OFUXPSL�T BCJMJUZ UP SFQSFTFOU DPNQMFY
GVODUJPOT� 8JUIPVU UIF OPOMJOFBSJUZ JO g
 UIF OFVSBM OFUXPSL DBO POMZ SFQSFTFOU MJOFBS USBOTGPS�
NBUJPOT PG UIF JOQVU�ņ 5BLJOH UIF WJFX JO $IBQUFS �
 UIF mSTU MBZFS USBOTGPSNT UIF EBUB JOUP B
HPPE SFQSFTFOUBUJPO
 XIJMF UIF TFDPOE MBZFS BQQMJFT B MJOFBS DMBTTJmFS UP UIBU SFQSFTFOUBUJPO�

8F DBO BEE BEEJUJPOBM MJOFBS�USBOTGPSNBUJPOT BOE OPOMJOFBSJUJFT
 SFTVMUJOH JO BO .-1 XJUI
UXP IJEEFO�MBZFST 	UIF OFUXPSL JO 'JHVSF ��� JT PG UIJT GPSN
�

//.-1�.x/ D .g2.g1.xW 1 C b1/W 2 C b2//W 3: 	���

*U JT QFSIBQT DMFBSFS UP XSJUF EFFQFS OFUXPSLT MJLF UIJT VTJOH JOUFSNFEJBSZ WBSJBCMFT�

//.-1�.x/ Dy

h1 Dg1.xW 1 C b1/

h2 Dg2.h1W 2 C b2/

y Dh2W 3:

	���


©ɩF OFUXPSL JO 'JHVSF ��� EPFT OPU JODMVEF CJBT UFSNT� " CJBT UFSN DBO CF BEEFE UP B MBZFS CZ BEEJOH UP JU BO BEEJUJPOBM OFVSPO
UIBU EPFT OPU IBWF BOZ JODPNJOH DPOOFDUJPOT
 XIPTF WBMVF JT BMXBZT 1�
ņ5P TFF XIZ
 DPOTJEFS UIBU B TFRVFODF PG MJOFBS USBOTGPSNBUJPOT JT TUJMM B MJOFBS USBOTGPSNBUJPO�

Same equation, but written with
intermediary variables:



Dimensions of the layers
A neural network can be described the the dimensions of its layers and 
of its input.

din is the number of dimensions of the input vector

dout is the number of dimensions of the output vector

A fully connected layer l(x) = xW + b with input size din and and output 
size dout will have the following dimensions:

the dimensions of x are 1 x din

the dimensions of W are din x dout

the dimensions of b are 1 x dout



Dimensions of the output 
layer
dout = 1 means the neural networks output is a scalar.  Such networks 
can be used for 

◦ Regression or scoring
◦ Binary classification 

dout = k > 1 can be used for k-class classification.  
◦ Associate each dimension with a class, and look for the dimension with 

maximal value. 
◦ If the output vector entries are positive and sum to one, the output can be 

interpreted as a distribution over class assignments.
The softmax forces the values in an output layer to be positive and sum to 1, 
making them interpretable as a probability distribution. 

���� 53"*/*/( "4 015*.*;"5*0/ ��

Oy D TPGUNBY.xW C b/

Oy Œi! D
e.xW Cb/Œi!

P
j e.xW Cb/Œj !

:
	����


ɩF TPGUNBY USBOTGPSNBUJPO GPSDFT UIF WBMVFT JO Oy UP CF QPTJUJWF BOE TVN UP �
 NBLJOH UIFN
JOUFSQSFUBCMF BT B QSPCBCJMJUZ EJTUSJCVUJPO�

��� 53"*/*/( "4 015*.*;"5*0/
3FDBMM UIBU UIF JOQVU UP B TVQFSWJTFE MFBSOJOH BMHPSJUIN JT B USBJOJOH TFU PG n USBJOJOH FYBNQMFT
x1Wn D x1; x2; : : : ; xn UPHFUIFS XJUI DPSSFTQPOEJOH MBCFMT y1Wn D y1; y2; : : : ; yn� 8JUIPVU MPTT PG
HFOFSBMJUZ
 XF BTTVNF UIBU UIF EFTJSFE JOQVUT BOE PVUQVUT BSF WFDUPST� x1Wn
 y1Wn�ŋ

ɩF HPBM PG UIF BMHPSJUIN JT UP SFUVSO B GVODUJPO f ./ UIBU BDDVSBUFMZ NBQT JOQVU FYBNQMFT
UP UIFJS EFTJSFE MBCFMT
 J�F�
 B GVODUJPO f ./ TVDI UIBU UIF QSFEJDUJPOT Oy D f .x/ PWFS UIF USBJOJOH
TFU BSF BDDVSBUF� 5P NBLF UIJT NPSF QSFDJTF
 XF JOUSPEVDF UIF OPUJPO PG B MPTT GVODUJPO
 RVBOUJGZJOH
UIF MPTT TVĊFSFE XIFO QSFEJDUJOH Oy XIJMF UIF USVF MBCFM JT y � 'PSNBMMZ
 B MPTT GVODUJPO L. Oy; y/

BTTJHOT B OVNFSJDBM TDPSF 	B TDBMBS
 UP B QSFEJDUFE PVUQVU Oy HJWFO UIF USVF FYQFDUFE PVUQVU y � ɩF
MPTT GVODUJPO TIPVME CF CPVOEFE GSPN CFMPX
 XJUI UIF NJOJNVN BUUBJOFE POMZ GPS DBTFT XIFSF
UIF QSFEJDUJPO JT DPSSFDU�

ɩF QBSBNFUFST PG UIF MFBSOFE GVODUJPO 	UIF NBUSJY W BOE UIF CJBTFT WFDUPS b
 BSF UIFO TFU
JO PSEFS UP NJOJNJ[F UIF MPTT L PWFS UIF USBJOJOH FYBNQMFT 	VTVBMMZ
 JU JT UIF TVN PG UIF MPTTFT PWFS
UIF EJĊFSFOU USBJOJOH FYBNQMFT UIBU JT CFJOH NJOJNJ[FE
�

$PODSFUFMZ
 HJWFO B MBCFMFE USBJOJOH TFU .x1Wn; y1Wn/
 B QFS�JOTUBODF MPTT GVODUJPO L BOE B
QBSBNFUFSJ[FE GVODUJPO f .xI‚/ XF EFmOF UIF DPSQVT�XJEF MPTT XJUI SFTQFDU UP UIF QBSBNFUFST ‚

BT UIF BWFSBHF MPTT PWFS BMM USBJOJOH FYBNQMFT�

L.‚/ D 1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


*O UIJT WJFX
 UIF USBJOJOH FYBNQMFT BSF mYFE
 BOE UIF WBMVFT PG UIF QBSBNFUFST EFUFSNJOF
UIF MPTT� ɩF HPBM PG UIF USBJOJOH BMHPSJUIN JT UIFO UP TFU UIF WBMVFT PG UIF QBSBNFUFST ‚ TVDI UIBU
UIF WBMVF PG L JT NJOJNJ[FE�

O‚ D BSHNJO
‚

L.‚/ D BSHNJO
‚

1

n

nX
iD1

L.f .xi I‚/; y i /: 	����


&RVBUJPO 	����
 BUUFNQUT UP NJOJNJ[F UIF MPTT BU BMM DPTUT
 XIJDI NBZ SFTVMU JO PWFSmUUJOH
UIF USBJOJOH EBUB� 5P DPVOUFS UIBU
 XF PGUFO QPTF TPGU SFTUSJDUJPOT PO UIF GPSN PG UIF TPMVUJPO� ɩJT
ŋ*O NBOZ DBTFT JU JT OBUVSBM UP UIJOL PG UIF FYQFDUFE PVUQVU BT B TDBMBS 	DMBTT BTTJHONFOU
 SBUIFS UIBO B WFDUPS� *O TVDI DBTFT
 y
JT TJNQMZ UIF DPSSFTQPOEJOH POF�IPU WFDUPS
 BOE BSHNBYi yŒi! JT UIF DPSSFTQPOEJOH DMBTT BTTJHONFOU�



Representation Power
A Multi-Layer Perceptron with one 
hidden layer is a “universal 
approximator”.

It can approximate a family of 
functions that includes all 
continuous functions on a closed 
and bounded subset of Rn

It can approximate any function 
mapping from any finite dimensional 
discrete space to another.
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UIF JOQVU UP UIF OFUXPSL� ɩF UPQ�NPTU MBZFS IBT OP PVUHPJOH BSSPXT
 BOE JT UIF PVUQVU PG UIF
OFUXPSL� ɩF PUIFS MBZFST BSF DPOTJEFSFE iIJEEFO�w ɩF TJHNPJE TIBQF JOTJEF UIF OFVSPOT JO UIF
NJEEMF MBZFST SFQSFTFOU B OPOMJOFBS GVODUJPO 	J�F�
 UIF MPHJTUJD GVODUJPO 1=.1C e!x/
 UIBU JT BQQMJFE
UP UIF OFVSPO�T WBMVF CFGPSF QBTTJOH JU UP UIF PVUQVU� *O UIF mHVSF
 FBDI OFVSPO JT DPOOFDUFE UP BMM
PG UIF OFVSPOT JO UIF OFYU MBZFS�UIJT JT DBMMFE B GVMMZ DPOOFDUFE MBZFS PS BO BĆOF MBZFS�

Output layer

Hidden layer

Hidden layer

Input layer

y2 y3y1

x1 x2 x3 x4

∫ ∫ ∫∫∫

∫ ∫ ∫ ∫∫∫

'JHVSF ���� 'FFE�GPSXBSE OFVSBM OFUXPSL XJUI UXP IJEEFO MBZFST�

8IJMF UIF CSBJO NFUBQIPS JT TFYZ BOE JOUSJHVJOH
 JU JT BMTP EJTUSBDUJOH BOE DVNCFSTPNF
UP NBOJQVMBUF NBUIFNBUJDBMMZ� 8F UIFSFGPSF TXJUDI CBDL UP VTJOH NPSF DPODJTF NBUIFNBUJDBM
OPUBUJPO� "T XJMM TPPO CFDPNF BQQBSFOU
 B GFFE�GPSXBSE OFUXPSL BT UIF POF JO 'JHVSF ��� JT TJNQMZ
B TUBDL PG MJOFBS NPEFMT TFQBSBUFE CZ OPOMJOFBS GVODUJPOT�

ɩF WBMVFT PG FBDI SPX PG OFVSPOT JO UIF OFUXPSL DBO CF UIPVHIU PG BT B WFDUPS� *O 'JHVSF ���
UIF JOQVU MBZFS JT B 4�EJNFOTJPOBM WFDUPS 	x

 BOE UIF MBZFS BCPWF JU JT B 6�EJNFOTJPOBM WFDUPS 	h1
�
ɩF GVMMZ DPOOFDUFE MBZFS DBO CF UIPVHIU PG BT B MJOFBS USBOTGPSNBUJPO GSPN 4 EJNFOTJPOT UP 6

EJNFOTJPOT� " GVMMZ DPOOFDUFE MBZFS JNQMFNFOUT B WFDUPS�NBUSJY NVMUJQMJDBUJPO
 h D xW XIFSF
UIF XFJHIU PG UIF DPOOFDUJPO GSPN UIF i UI OFVSPO JO UIF JOQVU SPX UP UIF j UI OFVSPO JO UIF PVUQVU
SPX JT W Œi;j !�¤ ɩF WBMVFT PG h BSF UIFO USBOTGPSNFE CZ B OPOMJOFBS GVODUJPO g UIBU JT BQQMJFE UP
FBDI WBMVF CFGPSF CFJOH QBTTFE PO BT JOQVU UP UIF OFYU MBZFS� ɩF XIPMF DPNQVUBUJPO GSPN JOQVU
UP PVUQVU DBO CF XSJUUFO BT� .g.xW 1//W 2 XIFSF W 1 BSF UIF XFJHIUT PG UIF mSTU MBZFS BOE W 2

BSF UIF XFJHIUT PG UIF TFDPOE POF� 5BLJOH UIJT WJFX
 UIF TJOHMF OFVSPO JO 'JHVSF ��� JT FRVJWBMFOU
UP B MPHJTUJD 	MPH�MJOFBS
 CJOBSZ DMBTTJmFS !.xw/ XJUIPVU B CJBT UFSN �
¤5P TFF XIZ UIJT JT UIF DBTF
 EFOPUF UIF XFJHIU PG UIF i UI JOQVU PG UIF j UI OFVSPO JO h BT W Œi;j !� ɩF WBMVF PG hŒj ! JT UIFO
hŒj ! D P4

iD1 xŒi! " W Œi;j !�

So why use multiple layers?



Common Nonlinearities 

�� �� '&&%�'038"3% /&63"- /&5803,4
UJNFT UP QSPEVDF FYDFMMFOU SFTVMUT�ŉ ɩF 3F-6 VOJU DMJQT FBDI WBMVF x < 0 BU �� %FTQJUF JUT TJN�
QMJDJUZ
 JU QFSGPSNT XFMM GPS NBOZ UBTLT
 FTQFDJBMMZ XIFO DPNCJOFE XJUI UIF ESPQPVU SFHVMBSJ[BUJPO
UFDIOJRVF 	TFF 4FDUJPO ���
�

3F-6.x/ D NBY.0; x/ D
(

0 x < 0

x PUIFSXJTF: 	���


"T B SVMF PG UIVNC
 CPUI 3F-6 BOE UBOI VOJUT XPSL XFMM
 BOE TJHOJmDBOUMZ PVUQFSGPSN UIF
TJHNPJE� :PV NBZ XBOU UP FYQFSJNFOU XJUI CPUI UBOI BOE 3F-6 BDUJWBUJPOT
 BT FBDI POF NBZ
QFSGPSN CFUUFS JO EJĊFSFOU TFUUJOHT�

'JHVSF ��� TIPXT UIF TIBQFT PG UIF EJĊFSFOU BDUJWBUJPOT GVODUJPOT
 UPHFUIFS XJUI UIF TIBQFT
PG UIFJS EFSJWBUJWFT�

1.0

0.5

0.0

-0.5

-1.0
-6 -4 -2 0 2 4 6

1.0

0.5

0.0

-0.5

-1.0
-6 -4 -2 0 2 4 6

1.0

0.5

0.0

-0.5

-1.0
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

1.0

0.5

0.0

-0.5

-1.0

1.0

0.5

0.0

-0.5

-1.0

1.0

0.5

0.0

-0.5

-1.0

1.0

0.5

0.0

-0.5

-1.0
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

1.0

0.5

0.0

-0.5

-1.0
-6 -4 -2 0 2 4 6

sigmoid(x) tanh(x) hardtanh(x) ReLU(x)

!f

!x

!f

!x

!f

!x

!f

!x

'JHVSF ���� "DUJWBUJPO GVODUJPOT 	UPQ
 BOE UIFJS EFSJWBUJWFT 	CPUUPN
�

��� -044 '6/$5*0/4
8IFO USBJOJOH B OFVSBM OFUXPSL 	NPSF PO USBJOJOH JO $IBQUFS �

 NVDI MJLF XIFO USBJOJOH B
MJOFBS DMBTTJmFS
 POF EFmOFT B MPTT GVODUJPO L. Oy; y/
 TUBUJOH UIF MPTT PG QSFEJDUJOH Oy XIFO UIF
USVF PVUQVU JT y � ɩF USBJOJOH PCKFDUJWF JT UIFO UP NJOJNJ[F UIF MPTT BDSPTT UIF EJĊFSFOU USBJOJOH
FYBNQMFT� ɩF MPTT L. Oy; y/ BTTJHOT B OVNFSJDBM TDPSF 	B TDBMBS
 UP UIF OFUXPSL�T PVUQVU Oy HJWFO
UIF USVF FYQFDUFE PVUQVU y � ɩF MPTT GVODUJPOT EJTDVTTFE GPS MJOFBS NPEFMT JO 4FDUJPO ����� BSF
SFMFWBOU BOE XJEFMZ VTFE BMTP GPS OFVSBM OFUXPSLT� 'PS GVSUIFS EJTDVTTJPO PO MPTT GVODUJPOT JO UIF
ŉɩF UFDIOJDBM BEWBOUBHFT PG UIF 3F-6 PWFS UIF TJHNPJE BOE UBOI BDUJWBUJPO GVODUJPOT JT UIBU JU EPFT OPU JOWPMWF FYQFOTJWF�
UP�DPNQVUF GVODUJPOT
 BOE NPSF JNQPSUBOUMZ UIBU JU EPFT OPU TBUVSBUF� ɩF TJHNPJE BOE UBOI BDUJWBUJPO BSF DBQQFE BU 1
 BOE
UIF HSBEJFOUT BU UIJT SFHJPO PG UIF GVODUJPOT BSF OFBS [FSP
 ESJWJOH UIF FOUJSF HSBEJFOU OFBS [FSP� ɩF 3F-6 BDUJWBUJPO EPFT
OPU IBWF UIJT QSPCMFN
 NBLJOH JU FTQFDJBMMZ TVJUBCMF GPS OFUXPSLT XJUI NVMUJQMF MBZFST
 XIJDI BSF TVTDFQUJCMF UP UIF WBOJTIJOH
HSBEJFOUT QSPCMFN XIFO USBJOFE XJUI UIF TBUVSBUJOH VOJUT�



Training concerns
Loss functions.  Much like training a logistic regression classifier, we 
define a loss function 

𝐿 !𝑦, 𝑦 = how much !𝑦 differs from the true y

Loss functions like cross-entropy loss are relevant for neural nets too.

Regularization. To avoid overfitting, we often add a regularization term 
alongside our loss function when we search for the best parameters. 

Dropout attempts to avoid overfitting by randomly dropping (setting to 
0) half of the neurons in the network in each training example in SGD.

���� 53"*/*/( "4 015*.*;"5*0/ ��
����� 3&(6-"3*;"5*0/
$POTJEFS UIF PQUJNJ[BUJPO QSPCMFN JO &RVBUJPO 	����
� *U NBZ BENJU NVMUJQMF TPMVUJPOT
 BOE

FTQFDJBMMZ JO IJHIFS EJNFOTJPOT
 JU DBO BMTP PWFS�mU� $POTJEFS PVS MBOHVBHF JEFOUJmDBUJPO FYBNQMF

BOE B TFUUJOH JO XIJDI POF PG UIF EPDVNFOUT JO UIF USBJOJOH TFU 	DBMM JU xo
 JT BO PVUMJFS� JU JT BDUVBMMZ
JO (FSNBO
 CVU JT MBCFMFE BT 'SFODI� *O PSEFS UP ESJWF UIF MPTT EPXO
 UIF MFBSOFS DBO JEFOUJGZ
GFBUVSFT 	MFUUFS CJHSBNT
 JO xo UIBU PDDVS JO POMZ GFX PUIFS EPDVNFOUT
 BOE HJWF UIFN WFSZ TUSPOH
XFJHIUT UPXBSE UIF 	JODPSSFDU
 'SFODI DMBTT� ɩFO
 GPS PUIFS (FSNBO EPDVNFOUT JO XIJDI UIFTF
GFBUVSFT PDDVS
 XIJDI NBZ OPX CF NJTUBLFOMZ DMBTTJmFE BT 'SFODI
 UIF MFBSOFS XJMM mOE PUIFS
(FSNBO MFUUFS CJHSBNT BOE XJMM SBJTF UIFJS XFJHIUT JO PSEFS GPS UIF EPDVNFOUT UP CF DMBTTJmFE BT
(FSNBO BHBJO� ɩJT JT B CBE TPMVUJPO UP UIF MFBSOJOH QSPCMFN
 BT JU MFBSOT TPNFUIJOH JODPSSFDU
 BOE
DBO DBVTF UFTU (FSNBO EPDVNFOUT XIJDI TIBSF NBOZ XPSET XJUI xo UP CF NJTUBLFOMZ DMBTTJmFE
BT 'SFODI� *OUVJUJWFMZ
 XF XPVME MJLF UP DPOUSPM GPS TVDI DBTFT CZ ESJWJOH UIF MFBSOFS BXBZ GSPN
TVDI NJTHVJEFE TPMVUJPOT BOE UPXBSE NPSF OBUVSBM POFT
 JO XIJDI JU JT 0, UP NJT�DMBTTJGZ B GFX
FYBNQMFT JG UIFZ EPO�U mU XFMM XJUI UIF SFTU�

ɩJT JT BDIJFWFE CZ BEEJOH B SFHVMBSJ[BUJPO UFSN R UP UIF PQUJNJ[BUJPO PCKFDUJWF
 XIPTF KPC
JT UP DPOUSPM UIF DPNQMFYJUZ PG UIF QBSBNFUFS WBMVF
 BOE BWPJE DBTFT PG PWFSmUUJOH�

O‚ D BSHNJO
‚

L.‚/C !R.‚/

D BSHNJO
‚

1

n

nX
iD1

L.f .xi I‚/; y i /C !R.‚/:

	����


ɩF SFHVMBSJ[BUJPO UFSN DPOTJEFST UIF QBSBNFUFS WBMVFT
 BOE TDPSFT UIFJS DPNQMFYJUZ� 8F
UIFO MPPL GPS QBSBNFUFS WBMVFT UIBU IBWF CPUI B MPX MPTT BOE MPX DPNQMFYJUZ� " IZQFSQBSBNFUFS�¤
! JT VTFE UP DPOUSPM UIF BNPVOU PG SFHVMBSJ[BUJPO� EP XF GBWPS TJNQMF NPEFM PWFS MPX MPTT POFT

PS WJDF WFSTB� ɩF WBMVF PG ! IBT UP CF TFU NBOVBMMZ
 CBTFE PO UIF DMBTTJmDBUJPO QFSGPSNBODF PO B
EFWFMPQNFOU TFU� 8IJMF &RVBUJPO 	����
 IBT B TJOHMF SFHVMBSJ[BUJPO GVODUJPO BOE ! WBMVF GPS BMM
UIF QBSBNFUFST
 JU JT PG DPVSTF QPTTJCMF UP IBWF B EJĊFSFOU SFHVMBSJ[FS GPS FBDI JUFN JO ‚�

*O QSBDUJDF
 UIF SFHVMBSJ[FST R FRVBUF DPNQMFYJUZ XJUI MBSHF XFJHIUT
 BOE XPSL UP LFFQ
UIF QBSBNFUFS WBMVFT MPX� *O QBSUJDVMBS
 UIF SFHVMBSJ[FST R NFBTVSF UIF OPSNT PG UIF QBSBNFUFS
NBUSJDFT
 BOE ESJWF UIF MFBSOFS UPXBSE TPMVUJPOT XJUI MPX OPSNT� $PNNPO DIPJDFT GPS R BSF UIF
L2 OPSN
 UIF L1 OPSN
 BOE UIF FMBTUJD�OFU�
L2 SFHVMBSJ[BUJPO *O L2 SFHVMBSJ[BUJPO
 R UBLFT UIF GPSN PG UIF TRVBSFE L2 OPSN PG UIF QBSBN�
FUFST
 USZJOH UP LFFQ UIF TVN PG UIF TRVBSFT PG UIF QBSBNFUFS WBMVFT MPX�

RL2
.W / D jjW jj22 D

X
i;j

.W Œi;j !/
2: 	����


�¤" IZQFSQBSBNFUFS JT B QBSBNFUFS PG UIF NPEFM XIJDI JT OPU MFBSOFE BT QBSU PG UIF PQUJNJ[BUJPO QSPDFTT
 CVU OFFET UP CF TFU CZ
IBOE�



Language Models
Estimate the probability of a sentence consisting of word sequence w1:n

We need to estimate the probability of P(wi+1|wk-i:i) from a large corpus.

��� �� -"/(6"(& .0%&-*/(
TUJMM SFRVJSFT DPOEJUJPOJOH PO n ! 1 XPSET
 XIJDI JT BT IBSE BT NPEFMJOH BO FOUJSF TFOUFODF� 'PS
UIJT SFBTPO
 MBOHVBHF NPEFMT NBLF VTF PG UIF NBSLPW�BTTVNQUJPO
 TUBUJOH UIBU UIF GVUVSF JT JOEF�
QFOEFOU PG UIF QBTU HJWFO UIF QSFTFOU� .PSF GPSNBMMZ
 B kUI PSEFS NBSLPW�BTTVNQUJPO BTTVNFT
UIBU UIF OFYU XPSE JO B TFRVFODF EFQFOET POMZ PO UIF MBTU k XPSET�

P.wiC1 j w1Wi / " P.wiC1 j wi!kWi /:

&TUJNBUJOH UIF QSPCBCJMJUZ PG UIF TFOUFODF UIFO CFDPNFT

P.w1Wn/ "
nY

iD1

P.wi j wi!kWi!1/; 	���


XIFSF w!kC1; : : : ; w0 BSF EFmOFE UP CF TQFDJBM QBEEJOH TZNCPMT�
0VS UBTL JT UIFO UP BDDVSBUFMZ FTUJNBUF P.wiC1 j wi!kWi / HJWFO MBSHF BNPVOUT PG UFYU�
8IJMF UIF kUI PSEFS NBSLPW BTTVNQUJPO JT DMFBSMZ XSPOH GPS BOZ k 	TFOUFODFT DBO IBWF

BSCJUSBSJMZ MPOH EFQFOEFODJFT
 BT B TJNQMF FYBNQMF DPOTJEFS UIF TUSPOH EFQFOEFODF CFUXFFO UIF
mSTU XPSE PG UIF TFOUFODF CFJOH XIBU BOE UIF MBTU POF CFJOH  

 JU TUJMM QSPEVDFT TUSPOH MBOHVBHF
NPEFMJOH SFTVMUT GPS SFMBUJWFMZ TNBMM WBMVFT PG k
 BOE XBT UIF EPNJOBOU BQQSPBDI GPS MBOHVBHF
NPEFMJOH GPS EFDBEFT�ɩJT DIBQUFS EJTDVTTFT kUI PSEFS MBOHVBHFNPEFMT� *O $IBQUFS �� XF EJTDVTT
MBOHVBHF NPEFMJOH UFDIOJRVFT UIBU EP OPU NBLF UIF NBSLPW BTTVNQUJPO�

��� &7"-6"5*/( -"/(6"(& .0%&-4� 1&31-&9*5:
ɩFSF BSF TFWFSBM NFUSJDT GPS FWBMVBUJOH MBOHVBHF NPEFMJOH� ɩF BQQMJDBUJPO�DFOUSJD POFT FWBMVBUF
UIFN JO UIF DPOUFYU PG QFSGPSNJOH B IJHIFS�MFWFM UBTL
 GPS FYBNQMF CZ NFBTVSJOH UIF JNQSPWFNFOU
JO USBOTMBUJPO RVBMJUZ XIFO TXJUDIJOH UIF MBOHVBHF�NPEFMJOH DPNQPOFOU JO B USBOTMBUJPO TZTUFN
GSPN NPEFM " UP NPEFM #�

" NPSF JOUSJOTJD FWBMVBUJPO PG MBOHVBHF NPEFMT JT VTJOH QFSQMFYJUZ PWFS VOTFFO TFOUFODFT�
1FSQMFYJUZ JT BO JOGPSNBUJPO UIFPSFUJD NFBTVSFNFOU PG IPX XFMM B QSPCBCJMJUZ NPEFM QSFEJDUT B
TBNQMF� -PX QFSQMFYJUZ WBMVFT JOEJDBUF B CFUUFS mU� (JWFO B UFYU DPSQVT PG n XPSET w1; : : : ; wn

	n DBO CF JO UIF NJMMJPOT
 BOE B MBOHVBHF NPEFM GVODUJPO LM BTTJHOJOH B QSPCBCJMJUZ UP B XPSE
CBTFE PO JUT IJTUPSZ
 UIF QFSQMFYJUZ PG LM XJUI SFTQFDU UP UIF DPSQVT JT�

2! 1
n

Pn
iD1 MPH2 -..wi jw1Wi!1/:

(PPE MBOHVBHF NPEFMT 	J�F�
 SFnFDUJWF PG SFBM MBOHVBHF VTBHF
 XJMM BTTJHO IJHI QSPCBCJMJUJFT
UP UIF FWFOUT JO UIF DPSQVT
 SFTVMUJOH JO MPXFS QFSQMFYJUZ WBMVFT�

ɩF QFSQMFYJUZ NFBTVSF JT B HPPE JOEJDBUPS PG UIF RVBMJUZ PG B MBOHVBHF NPEFM�© 1FSQMFYJUJFT
BSF DPSQVT TQFDJmD�QFSQMFYJUJFT PG UXP MBOHVBHF NPEFMT BSF POMZ DPNQBSBCMF XJUI SFTQFDU UP UIF
TBNF FWBMVBUJPO DPSQVT�
©*U JT JNQPSUBOU UP OPUF
 IPXFWFS
 UIBU JO NBOZ DBTFT JNQSPWFNFOU JO QFSQMFYJUZ TDPSFT EP OPU USBOTGFS UP JNQSPWFNFOU JO
FYUSJOTJD
 UBTL�RVBMJUZ TDPSFT� *O UIBU TFOTF
 UIF QFSQMFYJUZ NFBTVSF JT HPPE GPS DPNQBSJOH EJĊFSFOU MBOHVBHF NPEFMT JO UFSNT
PG UIFJS BCJMJUZ UP QJDL�VQ SFHVMBSJUJFT JO TFRVFODFT
 CVU JT OPU B HPPE NFBTVSF GPS BTTFTTJOH QSPHSFTT JO MBOHVBHF VOEFSTUBOEJOH
PS MBOHVBHF�QSPDFTTJOH UBTLT�

���� 53"%*5*0/"- "1130"$)&4 50 -"/(6"(& .0%&-*/( ���
��� 53"%*5*0/"- "1130"$)&4 50 -"/(6"(&

.0%&-*/(
ɩF USBEJUJPOBM BQQSPBDI UP MBOHVBHF NPEFMT BTTVNFT B k�PSEFS NBSLPW QSPQFSUZ
 BOE NPEFM
P.wiC1 D mjw1Wi / ! P.wiC1 D mjwi!kWi /� ɩF SPMF PG UIF MBOHVBHF NPEFM UIFO JT UP QSPWJEF
HPPE FTUJNBUFT Op.wiC1 D mjwi!kWi /� ɩF FTUJNBUFT BSF VTVBMMZ EFSJWFE GSPN DPSQVT DPVOUT� -FU
�.wi Wj / CF UIF DPVOU PG UIF TFRVFODF PG XPSET wi Wj JO B DPSQVT� ɩF NBYJNVN MJLFMJIPPE FTUJNBUF
	.-&
 PG Op.wiC1 D mjwi!kWi / JT UIFO�

Op.-&.wiC1 D mjwi!kWi / D
�.wi!kWiC1/

�.wi!kWi /
:

8IJMF FĊFDUJWF
 UIJT CBTFMJOF BQQSPBDI IBT B CJH TIPSUDPNJOH� JG UIF FWFOU wi!kWiC1 XBT OFWFS
PCTFSWFE JO UIF DPSQVT 	�.wi!kWiC1/ D 0

 UIF QSPCBCJMJUZ BTTJHOFE UP JU XJMM CF 0
 BOE UIJT JO UVSO
XJMM SFTVMU JO B ��QSPCBCJMJUZ BTTJHONFOU UP UIF FOUJSF DPSQVT CFDBVTF PG UIF NVMUJQMJDBUJWF OBUVSF
PG UIF TFOUFODF QSPCBCJMJUZ DBMDVMBUJPO� " [FSP QSPCBCJMJUZ USBOTMBUFT UP BO JOmOJUF QFSQMFYJUZ�
XIJDI JT WFSZ CBE� ;FSP FWFOUT BSF RVJUF DPNNPO� DPOTJEFS B USJHSBN MBOHVBHF NPEFM
 XIJDI
POMZ DPOEJUJPOT PO � XPSET
 BOE B WPDBCVMBSZ PG ��
��� XPSET 	XIJDI JT SBUIFS TNBMM
� ɩFSF BSF
��
���3 D 1012 QPTTJCMF XPSE USJQMFUT�JU JT DMFBS UIBU NBOZ PG UIFN XPO�U CF PCTFSWFE JO USBJOJOH
DPSQPSB PG
 TBZ
 1010 XPSET� 8IJMF NBOZ PG UIFTF FWFOUT EPO�U PDDVS CFDBVTF UIFZ EP OPU NBLF
TFOTF
 NBOZ PUIFST KVTU EJE OPU PDDVS JO UIF DPSQVT�

0OF XBZ PG BWPJEJOH [FSP�QSPCBCJMJUZ FWFOUT JT VTJOH TNPPUIJOH UFDIOJRVFT
 FOTVSJOH BO BM�
MPDBUJPO PG B 	QPTTJCMZ TNBMM
 QSPCBCJMJUZ NBTT UP FWFSZ QPTTJCMF FWFOU� ɩF TJNQMFTU FYBNQMF JT
QSPCBCMZ BEEJUJWF TNPPUIJOH
 BMTP DBMMFE BEE�˛ TNPPUIJOH <$IFO BOE (PPENBO
 ����
 (PPENBO

����
 -JETUPOF
 ����>� *U BTTVNFT FBDI FWFOU PDDVSSFE BU MFBTU ˛ UJNFT JO BEEJUJPO UP JUT PCTFSWB�
UJPOT JO UIF DPSQVT� ɩF FTUJNBUF UIFO CFDPNFT

OpBEE�˛.wiC1 D mjwi!kWi / D
�.wi!kWiC1/C ˛

�.wi!kWi /C ˛jV j ;

XIFSF jV j JT UIF WPDBCVMBSZ TJ[F BOE 0 < ˛ " 1� .BOZNPSF FMBCPSBUF TNPPUIJOH UFDIOJRVFT FYJTU�
"OPUIFS QPQVMBS GBNJMZ PG BQQSPBDIFT JT VTJOH CBDL�Pą � JG UIF kHSBN XBT OPU PCTFSWFE


DPNQVUF BO FTUJNBUF CBTFE PO B .k # 1/HSBN� " SFQSFTFOUBUJWF TBNQMF PG UIJT GBNJMZ JT +FMJOFL
.FSDFS JOUFSQPMBUFE TNPPUIJOH <$IFO BOE (PPENBO
 ����
 +FMJOFL BOE .FSDFS
 ����>�

OpJOU.wiC1 D mjwi!kWi / D !wi!kWi
�.wi!kWiC1/

�.wi!kWi /
C .1 # !wi!kWi / OpJOU.wiC1 D mjwi!.k!1/Wi /:

'PS PQUJNBM QFSGPSNBODF
 UIF WBMVFT !wi!kWi TIPVME EFQFOE PO UIF DPOUFOU PG UIF DPOEJ�
UJPOJOH DPOUFYU wi!kWi � SBSF DPOUFYUT TIPVME SFDFJWF EJĊFSFOU USFBUNFOUT UIBO GSFRVFOU POFT�

ɩF DVSSFOU TUBUF�PG�UIF�BSU OPO�OFVSBM MBOHVBHF NPEFMJOH UFDIOJRVF VTFT NPEJmFE ,OFTFS
/FZ TNPPUIJOH <$IFO BOE (PPENBO
 ����>
 XIJDI JT B WBSJBOU PG UIF UFDIOJRVF QSPQPTFE CZ
,OFTFS BOE /FZ <����>� 'PS EFUBJMT
 TFF $IFO BOE (PPENBO <����> BOE (PPENBO <����>�

���� 53"%*5*0/"- "1130"$)&4 50 -"/(6"(& .0%&-*/( ���
��� 53"%*5*0/"- "1130"$)&4 50 -"/(6"(&

.0%&-*/(
ɩF USBEJUJPOBM BQQSPBDI UP MBOHVBHF NPEFMT BTTVNFT B k�PSEFS NBSLPW QSPQFSUZ
 BOE NPEFM
P.wiC1 D mjw1Wi / ! P.wiC1 D mjwi!kWi /� ɩF SPMF PG UIF MBOHVBHF NPEFM UIFO JT UP QSPWJEF
HPPE FTUJNBUFT Op.wiC1 D mjwi!kWi /� ɩF FTUJNBUFT BSF VTVBMMZ EFSJWFE GSPN DPSQVT DPVOUT� -FU
�.wi Wj / CF UIF DPVOU PG UIF TFRVFODF PG XPSET wi Wj JO B DPSQVT� ɩF NBYJNVN MJLFMJIPPE FTUJNBUF
	.-&
 PG Op.wiC1 D mjwi!kWi / JT UIFO�

Op.-&.wiC1 D mjwi!kWi / D
�.wi!kWiC1/

�.wi!kWi /
:

8IJMF FĊFDUJWF
 UIJT CBTFMJOF BQQSPBDI IBT B CJH TIPSUDPNJOH� JG UIF FWFOU wi!kWiC1 XBT OFWFS
PCTFSWFE JO UIF DPSQVT 	�.wi!kWiC1/ D 0

 UIF QSPCBCJMJUZ BTTJHOFE UP JU XJMM CF 0
 BOE UIJT JO UVSO
XJMM SFTVMU JO B ��QSPCBCJMJUZ BTTJHONFOU UP UIF FOUJSF DPSQVT CFDBVTF PG UIF NVMUJQMJDBUJWF OBUVSF
PG UIF TFOUFODF QSPCBCJMJUZ DBMDVMBUJPO� " [FSP QSPCBCJMJUZ USBOTMBUFT UP BO JOmOJUF QFSQMFYJUZ�
XIJDI JT WFSZ CBE� ;FSP FWFOUT BSF RVJUF DPNNPO� DPOTJEFS B USJHSBN MBOHVBHF NPEFM
 XIJDI
POMZ DPOEJUJPOT PO � XPSET
 BOE B WPDBCVMBSZ PG ��
��� XPSET 	XIJDI JT SBUIFS TNBMM
� ɩFSF BSF
��
���3 D 1012 QPTTJCMF XPSE USJQMFUT�JU JT DMFBS UIBU NBOZ PG UIFN XPO�U CF PCTFSWFE JO USBJOJOH
DPSQPSB PG
 TBZ
 1010 XPSET� 8IJMF NBOZ PG UIFTF FWFOUT EPO�U PDDVS CFDBVTF UIFZ EP OPU NBLF
TFOTF
 NBOZ PUIFST KVTU EJE OPU PDDVS JO UIF DPSQVT�

0OF XBZ PG BWPJEJOH [FSP�QSPCBCJMJUZ FWFOUT JT VTJOH TNPPUIJOH UFDIOJRVFT
 FOTVSJOH BO BM�
MPDBUJPO PG B 	QPTTJCMZ TNBMM
 QSPCBCJMJUZ NBTT UP FWFSZ QPTTJCMF FWFOU� ɩF TJNQMFTU FYBNQMF JT
QSPCBCMZ BEEJUJWF TNPPUIJOH
 BMTP DBMMFE BEE�˛ TNPPUIJOH <$IFO BOE (PPENBO
 ����
 (PPENBO
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Limitations of LMs
The “curse of dimensionality”. If we want to model the full joint 
distribution of 10 consecutive words with a vocabulary V of size 
100,000, there are potentially 100,00010 =1050 -free parameters. 

In n-gram LMs, we simplify this to predict the next word given a limited 
context.  We construct conditional probabilities table for n given n-1.

Only those combinations of successive words that actually occur in our 
training corpus are recorded in the table.

Having observed black car and blue car does not influence our 
estimates of red car.

A lot of what we do is language modelling (smoothing, backoff, etc) is 
trying to deal with the unobserved entries.  



Neural LMs (Bengio et al 2003)
1. Associate each word in the vocabulary with a vector-representation, 

thereby creating a notion of similarity between words.

2. Express the joint probability function of a word sequence in terms of 
the word vectors for the words in that sequence.

3. Simultaneously learn the word vectors and the parameters of the 
function.

The word vectors are low-dimensional (d=30 to d=100) dense vectors, 
like we’ve seen before.

The probability function is expressed  the product of conditional 
probabilities of the next word given the previous word, using a multi-
layer neural network.



Neural LMs
The input to the neural network is a k-gram of words w1:k. 

The output is a probability distribution over the next word. 

The k context words are treated as a word window.  Each word is 
associated with an embedding vector:

The input vector x just concatenates v(w) for each of the k words: 
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Neural LMs
The input x is fed into a neural network with 1 or more hidden layers: 
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Training
The training examples are simply word kgrams from the corpus

The identities of the first k+1 words are used as features, and the last 
word is used as the target label for the classification. 

Conceptually, the model is trained using cross-entropy loss. 

Working with cross entropy loss works very well, but requires the use of 
a costly softmax operation which can be prohibitive for very large 
vocabularies, we we often use alternative loss functions or 
approximations.



Advantages of NN LMs
Better results.  They achieve better preplexity scores than SOTA n-gram 
LMs.

Larger N.  NN LMs can scale to much larger orders of n. This is 
achievable because parameters are associated only with individual 
words, and not with n-grams. 

They generalize across contexts. For example, by observing that the 
words blue, green, red, black, etc. appear in similar contexts, the model 
will be able to assign a reasonable score to the green car even though it 
never observed in training, because it did observe blue car and red car.

A by-product of training are word embeddings!



Language Modeling 
Goal: Learn a function that returns the joint probability 

Primary difficulty: 

1. There are too many parameters to accurately estimate.  
This is sometimes called the “curse of dimensionality”

2. In n-gram-based models we fail to generalize to related 
words / word sequences that we have observed.



Curse of dimensionality / 
sparse statistics 
Suppose we want a joint distribution over 10 words.
Suppose we have a vocabulary of size 100,000. 

100,00010 =1050 parameters

This is too high to estimate from data.



Chain rule
In LMs we user chain rule to get the conditional probability 
of the next word in the sequence given all of the previous 
words:

𝑃(𝑤-𝑤r𝑤s…𝑤t) = ∏tI-
v 𝑃(𝑤t|𝑤-…𝑤t.-)

What assumption do we make in n-gram LMs to simplify 
this?  

The probability of the next word only depends on the 
previous n-1 words.

A small n makes it easier for us to get an estimate of the 
probability from data.



Probability tables
We construct tables to look up the probability of seeing a 
word given a history.

The tables only store observed sequences.  
What happens when we have a new (unseen) combination 
of n words?

curse of P(wt | wt-n … wt-1)

dimensionality

azure

knowledge

oak



Unseen sequences
What happens when we have a new (unseen) combination 
of n words?

1. Back-off

2. Smoothing / interpolation 

We are basically just stitching together short sequences of 
observed words.



Let’s try generalizing.

Intuition: Take a sentence like

The cat is walking in the bedroom

And use it when we assign probabilities to similar sentences 
like

The dog is running around the room

Alternate idea



A Neural Probabilistic LM
1. Use a vector space model where the words are vectors 

with real values ℝm.  m=30, 60, 100.  This gives a way to 
compute word similarity. 

2. Define a function that returns a joint probability of words 
in a sequence based on a sequence of these vectors. 

3. Simultaneously learn the word representations and the 
probability function from data.

Seeing one of the cat/dog sentences allows them to increase 
the probability for that sentence and its combinatorial # of
“neighbor” sentences in vector space.

Bengio et al NIPS 2003



A Neural Probabilistic LM
Given: 

A training set w1 … wt where wt ∈V

Learn:
f(w1 … wt) = P(wt|w1 … wt-1)
Subject to giving a high probability to an unseen text/dev set 
(e.g. minimizing the perplexity)

Constraint: 
Create a proper probability distribution (e.g. sums to 1) so that 
we can take the product of conditional probabilities to get the 
joint probability of a sentence



A Neural Probabilistic LM
1. Create a mapping function C from any word in V onto 

ℝM. Store this in a V-by-M matrix.  Initialize it with 
singular value decomposition (SVD).

2. The neural architecture: a function g maps sequence of 
word vectors onto a probability distribution over the 
vocabulary V

g(C(wt-n) … C(wt-1)) = P(wt|wt-n … wt-1)
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Word embeddings
When the ~50 dimensional vectors that result from training 
a neural LM are projected down to 2-dimensions, we see a 
lot of words that are intuitively similar to each other are 
close together.



Current state of the art neural 
LMs
ELMo
GPT
BERT
GPT-2

https://allennlp.org/elmo
https://blog.openai.com/language-unsupervised/
https://arxiv.org/pdf/1810.04805.pdf
https://blog.openai.com/better-language-models/

